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A spanning subgraph U of a graph G belongs to the set S(G) of&&g sub- 
graphs (see [S]) of G if every embedding of U into G can be extended to an auto- 
morphism of G. Clearly G f  6(G). G is free if j F(G)1 = 1. We establish a 
connection between Ulam’s conjecture and free graphs and continue with an 
investigation of free graphs. 
1. INTRODUCTION 
We assume graphs are finite and do not have loops or digons. A sparming 
subgraph U of a graph G belongs to the set g(G) of$xing ~ubgra~~s (see 
[5]) of G if every embedding of U into G can be extended to an auto- 
morphism of G. It is easy to prove [5] that a spanning subgraph U of G 
belongs to 9(G) if and only if G contains exactly / A(G) A(U)] s~bgra~~s 
isomorphic to U, where A(G) is the automorphism group of G (as a 
consequence if U E F(G) then A(U) $ A(G)). It is this characterization of 
elements of R(G) that we use in this paper. 
Clearly G E g(G). G is free if / P(G)! = 1. In Section 2 of this paper 
a connection is established between Ulam’s conjecture [6] and the concept 
of fixing subgraphs. Free graphs are important in this connection and in 
Section 3 we continue (see [5]) with our investigation of free graphs. 
2. ULAM'S CONJECTURE 
Let G be a graph then V(G), E(G) are the vertex, edge set res~e~~ive~~ of 
G. Subgraphs H, K of G are similar if there exists CY E A(G) such that 
4 = K. For any element e of E(G) let Ge be the subgraph of G with 
V(G) = V(G) and E(G”) = E(G) - {e). Let 
L?(G) = (U ES(G): A(U) = A(G), U f G). 
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ULAM'S EDGE CONJECTURE (see [ 11). If G and H are graphs, 1 E(G)/ > 3, 
and CT : E(G) + E(H) is a bijection such that G” s Hate) for all e in E(G), 
then G z H. 
Throughout this section G and H will be graphs satisfying the condi- 
tions of Ulam’s edge conjecture. The following lemma is crucial in almost 
all arguments concerning this conjecture. 
KELLY's LEMMA [l, 31. Every type of edge proper subgraph which 
occurs in G or H occurs the same number of times in both, and e and o(e) are 
edges in the same number of these subgraphs, for all e in E(G). 
THEOREM 1. If A(G) = 1 and G is not free then A(H) = 1 and 
S(G) = F(H). 
Proof. Assume A(G) = 1. Since G is not free we may choose U E g(G), 
U # G. By definition G contains exactly one subgraph isomorphic to U 
and hence, by Kelly’s lemma, H contains exactly one subgraph isomorphic 
to U. Let 01 E A(H) then H contains U and CX.(U). Hence U = a(U). 
Therefore 01 E A(U). Now A(U) = 1 since A(U) C A(G). Therefore cy. = 1 
and A(H) = 1. Furthermore H contains exactly 1 = 1 A(H)/// A(U)/ 
subgraph isomorphic to U. Hence U E S(H) and 9(G) C: S(H). Since 
A(H) = 1 and H is not free it follows by the same argument that 
9-(H) C 9(G). 
THEOREM 2. If G is not free then 1 A(G)J > k 1 A( for some nonzero 
positive integer k. 
Proof. Since G is not free we may choose U E 9(G), U # G. Then G 
contains exactly 1 A(G)J/I A(U)/ subgraphs isomorphic to U. Hence, by 
Kelly’s lemma, H contains exactly 1 A(G)/// A(U)1 subgraphs isomorphic 
to U. Let k be the number of mutually nonsimilar subgraphs of H iso- 
morphic to U then H contains k 1 A(H)I/I A(H) n A(U)/ subgraphs 
isomorphic to U. Therefore 
I 4GM4WI = k I ~Ql/l W-0 (7 AU0 > k I &OIII WI 
and the theorem follows. 
COROLLARY. If G is notfree and j A( # I A(H)] then His free. 
Proof. Follows immediately from the theorem. 
THEOREM 3. If G is not free and F(G) # S(H) then H is free. 
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Proof. Assume both G and Hare not free. Chsose 
UEF(G), VEF(H), Uf 6, Vf 
Let k, , k, be the number of mutually nonsimilar subgraphs of N and G 
isomorphic to U and V, respectively. Then, by the same a~g~rne~t as in 
Theorem 2, we have: 
Therefore, k, = k, = 1 and 1 A( = 1 A(H)/ . 
j A(U)/ = j A(H) n A(U)/ and / A(V)] = I A(G) CI A(V)/. 
Therefore, A(U) C A(H) and A(V) C A(G). Furthermore, U E *(JY) since 
W contains exactly i A(G)/// A(U)/ = j A(H) A(U)\ subgraphs iso- 
morphic to U. Hence F(G) C P(H). Similarly 9(H) Z F(G). 
THEOREM 4. &Y(G) # o then A(H) _C A(G). 
PPOQ~. Choose UE Y(G). Since G contains exactly one subgr 
isomorphic to U, by Kelly’s lemma, N contains exactly one subgr 
isomorphic to U. Hence, if 01 E A(H), U = a(U). Hence cx E A(U). There- 
fore, A(H) C A(U) = A(G) since U E Z(G). 
THEQREM 5. If Z’(G) # m and A(H) # A(G), then H isfiee. 
Proof. Assume 5?(G) # @ and A(H) f A(G). By Theorem 4, 
A(H) _C A(G) and, by the corollary to Theorem 2, if we suppose h3 is not 
free j A(G)1 = / A(H)] . Hence, A(G) = A(H) which is a contradiction. 
Therefore, H is free. 
COROLLARY. If Z(G) # o and H is not free, then A(G) = A( 
F(G) = F(H). 
Proof. Immediate from Theorems 3 and 5. 
Comment. If G is not free and H is not free then by Theorem 3, 
F(G) = 9(H). By the corollary to Theorem 5 if in addition 5?(G) f o, 
then A(G) = A(H). We would like to prove this equality without this 
added condition. In this context it is worth noting that it is 
struct (see Fig. 3) graphs P and Q such that: (i) Z(P) = 
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(ii) U E %(I’) n S(Q) where U g PI, US Q”2 for some e, E E(P), 
e2 E E(Q); 
(iii) / A( = I A(Q)1 and yet A(P) # A(Q). 
P Q IJ 
FIGURE 1 
3. FREE GRAPHS 
G is a stable graph if there exists an edge e of G such that A(G@) _C A(G). 
Otherwise G is unstable. G is complement stable (c-stable for short) if its 
complement G is stable and G is complement unstable (c-unstable), if G is 
unstable. Clearly if a graph is unstable then it is free. However this is not a 
necessary condition for a graph to be free. We summarize some known 
results before proving the main theorem (Theorem 6) of this section. 
RESULT 1 [4]. A tree is unstable if and only if it is an arc of length a-2 
or is one of the trees in Fig. 2. 
-.I-- L 
FIGURE 2 
RESULT 1’ [5]. A tree is free if and only if it is unstable. 
RESULT 2 [5]. Let M be a connected monocyclic graph. Then M is 
unstable if and only if M # MO (see Fig. 3.) and M is one of the graphs in 
Fig. 3. 
RESULT 2’ [5]. A connected monocyclic graph is free if and only if it is 
MO or it is unstable. 
p- cl c I 
MO 
STRUCTURE 1 
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Together with the infinite family: 
FIGURE 3 
&WJLT 3. Regular graphs are not free (other rather trivial ~o~d~t~~~s 
on the degrees of the vertices of the graph can be given to ensure that it is not 
free). 
If e E E(G) then G + e is the graph with V(G + e) = V(G) and 
E(G + e) = E(G) u (4. 
LEMMA 1. G is c-stable if there exists e E E(G) such that 
A(G + e) C A(G). 
G is c-unstable otherwise. G is unstable if and only ifG is ~-unstab~e~ 
Proof. Let G be c-stable. Then G is stable. Rence, there exists e E E(G) 
such that A(G”)CA(%). Now A(@) = A(F) = A(G -+ e) and A(G) = A(G):>. 
The lemma follows. 
Notation and Terminology for Lemma 2 
Let G be a graph. If e E E(G) and e joins vertices c1 and b we write 
e = [a, b]. If e E E(G) we write A(e) = A(G + e)\A(G) (A(e) may be 
empty). 
The following definition is crucial for the proof of Lemma 2. Let P, 
disjoint connected graphs. Let 
P = PO U (Qi : i = 1, 2 ,..., k) U (ei : i = 1) 2, . . . . k), 
where 
(i) Qi E Q, i = 1, 2 ,..., k; 
(ii) PonQi = m, QinQj = m,i+j; 
(iii) e, = [aim1 ) b,f, a, E V(P,), ai ) bi E V(QJ, 
ai + bi (except when j V(Q)/ = l), i = 1,2,..., k. Thell P contains 
path of length k. If P contains such a Q-path of length Iz and P, z Q 1 
P is a Q-chain of length k. 
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Let K, be the complete graph with y1 vertices. Let K,l be the K,-chain 
of length 1. Let K,l(s) be the graph with s + 1 components where s of the 
components are isomorphic to K, and the other component is isomorphic 
to K,l. Let KS+, t) be the graph which is the union of K,l(s) and t isolated 
vertices. Then the following graphs are said to be exceptional: 
(0 G(s), s 3 1; 
(ii) Kzl(s, t) where either s = 0, t = 1 or s > 0, t > 0; 
(iii) Kal(s), n 3 3, s > 0, 
(iv) The graph G having one isolated vertex and such that 
1 V(G)\ = 4, 1 E(G)\ = 2. 
Clearly exceptional graphs are c-unstable. 
LEMMA 2. Let G be a disconnected graph. Then G is c-unstable if and 
only if G is exceptional. 
Proof. Let G be c-unstable and disconnected. For simplicity we in- 
dicate the proof of the lemma only in the case when G has two components 
P and Q where ) V(P)\ 2 1 V(Q)/ > 1 and if I V(P)\ = j V(Q)1 then 
I -W)I 3 I -F(Q)1 . 
Let e = [p, q] wherep E V(P), q E V(Q). Since G is c-unstable A(e) # o 
Let 01 E A(e) then, by definition, a(e) # e. Since e is a bridge in G + e, a(e) 
is also a bridge in G + e with end-components a(P), a(Q). Then obviously, 
by the maximality of P, a(e) E E(P). Therefore P contains a Q-path. Now 
choose a longest Q-path in P and assume this Q-path is of length k. We 
now use the notation for this Q-path given above. Let e,,, = [al, , bk+J, 
ak E v@kh bk,, E V(Q), a& # b, . Now choose ,8 E A(e,+3 then, as above, 
fi(ek+l) E E(P) an 1 o d ‘t f 11 ows from the maximality of the chosen Q-path 
that p(ek+r) = eI and p(Q) = P,, . Therefore P is a Q-chain of length k. 
Clearly p(bktl) = a, and since b,,, was an arbitrary vertex in Q it follows 
that Q is regular of degree n, say. Since G is c-unstable and P is a Q-chain, 
Q is itself c-unstable. Hence, Q g K, since Q is regular. 
Since P is a Km-chain of length k and P is itself c-unstable it follows 
immediately from inspection that k = 1. Hence G E K,l(l). This com- 
pletes the proof when G has two components. The proof of the lemma 
when G has more than two components is an easy exercise. 
THEOREM 6. Let G be complement disconnected. Then G is unstable if 
and only if G is exceptional. 
Proof. Let G be complement disconnected and unstable. Hence G is 
disconnected and, by Lemma 1, G is c-unstable. Therefore, by Lemma 2, 
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G is exceptional. If % is exceptional then G is e-unstable and, 
G is unstable. 
THEOREM 6’. Let G be a graph. If G is a tree (and not an arc of length 
< 3) then G is stable. 
P~Qc$ Using the ideas of Theorem 6 this is an easy exercise and is left 
to the reader. 
Let K,,, be the complete bipartite graph on m + 11 vertices i.e., Km, is 
the complement of the disjoint union of K, and K, . Let e E E(K,,) and 
write A&,(- 1) = K& then, since all the edges of lCmn are similar, K,,(- 1) 
is well defined. It seems likely that with the simple techniques used in 
Theorem 6 one could prove the following conjecture. 
CONJECTURE. Let G be a graph. Let G be connected, have no vertex 5,f 
degree I and contain at least one bridge. Then G is unstable f and only r;i’ 
G z Km&l) for some m, n > 3. 
Remark 1. All of these concepts and theorems can be rephrased [l] 
in terms of Ulam’s vertex conjecture instead of the edge form of the 
conjecture as considered in this paper. 
Remark 2. In [2] we are given graphs G and H such that: 
(i) G, H each have 5 vertices and 4 common maximal s~~~rapbs~ 
(ii) G, H each have 6 vertices and 5 comon maximal s~bgra~~s~ 
(iii) G, H have 7 vertices and 5 common maximal subgraphs. 
In cases (i) and (ii) the G and H are vertex unstable and hence free. In 
case (iii) G and H are ‘almost’ vertex unstable. f course the size of these 
graphs makes this remark less significant than it might otherwise be, 
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